A simple example is given of a finitely supported positive definite function on the free group with two generators, whose sum of values is strictly negative.
Introduction
A function <j> : G -> C on a locally compact group G is called positive definite if for every si,...,s p € G the operator matrix {<^(sJ" 1 s¿)}¿ J=1 is positive semidefinite. It is well known (e.g. [1] , [7] 
(G) by (\(s)h)(t) = h(s~lt).
A group with the property that every representation is contained in the left regular representation admits several equivalent characterizations (see [1] , Ch. 18); one of them says that the integral of every positive definite finite measure on the group is positive.
Remarkably, the class of these groups can be characterized still in another manner: they are exactly the amenable groups ( [6] ), namely, the groups that admit an invariant mean. The free group with two generators F2 is the simplest nonamenable group; since positive definite measures coincide for discrete groups with positive definite integrable functions, we know consequently that there exist integrable positive definite functions on F2 with negative integral. However, the argument in the general situation is nonconstructive; furthermore, it leaves open the question whether there can exist finitely supported positive definite functions with negative integralin this case, the sum of the values of the function. (Note that, even in the nonamenable case, the integral might still be positive for large classes This work was done while the second named author visited Georgia State University with support from NSF Grant INT-0307395.
of functions-see [3] ). Although positive definite functions on free groups have been the object of important research (see e.g. [2] and the references within), the above problem seems not to have been addressed up to now.
It is the purpose of this note to give a simple concrete example of a positive definite function on F2, supported on the words of length at most 1, and such that the sum of its values is negative.
The example
Suppose that the free group F2 is generated by the elements a, b, while the unit is denoted by 1. We define the function (j > : F2 -> C by the formulas (f)(1) = 1, (f>(g) = -a if | <?| = 1, 4>(g) = 0 otherwise; a is a small positive number, whose choice we will discuss later. Since XZa;eF2 = 1 ~ 4a, the sum of the values is negative iff and a certain number of its submatrices in the lower right corner (of different dimensions). The positivity of P is then equivalent to the fact that X in (2) is nonegative definite. But a selfadjoint matrix (a^) wich satisfies Ylj^i \ a ij\ < a u for all i is positive definite (see, for instance, Theorem 6.1.10 of [4] ). In our case, this condition is satisfied (independently on m) for
Since (1) and (3) From here it follows immediately that X is positive (for all m) iff |a| < 2. Computations become simpler if one works on the free group with three generators F3. Suppose that one defines a positive definite function (j> on F3 as being 1 on the unit of the group, -a on the generators and their inverses, and 0 otherwise. If one writes the whole infinite matrix corresponding to <j> as I + B 4-B*, one shows immediately, by letting it act on a vector, that the norm of B is aV6, and therefore 4> is positive definite whenever 2a\/6 < 1. On the other hand, the integral of 0 is 1 -6a, which is negative for a > 1/6. The two equalities are compatible: take, for instance, a = 1/5.
